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Recently it has been demonstrated that three-dimensionality can play an important
role in dictating the stability of any Gortler vortices which a particular boundary layer
may support. According to a linearized theory, vortices within a high Gértler number
flow can take one of two possible forms within a two-dimensional flow supplemented
by a small crossflow of size O(Re™3G?), where Re is the Reynolds number of the flow
and G the Gortler number. Bassom & Hall (1991) showed that these forms are
characterized by O(1)-wavenumber inviscid disturbances and larger O(G*)-wave-
number modes which are trapped within a thin layer adjacent to the bounding surface.
Here we concentrate on the latter, essentially viscous, vortices. These modes are unstable
in the absence of crossflow but the imposition of small crossflow has a stabilizing effect.
Bassom & Hall (1991) demonstrated the existence of neutrally stable vortices for certain
crossflow/wavenumber combinations and here we describe the weakly nonlinear stability
properties of these disturbances. It is shown conclusively that the effect of crossflow is to
stabilize the nonlinear modes and the calculations herein allow stable finite-amplitude
vortices to be found. Predictions are made concerning the likelihood of observing some of
these viscous modes within a practical setting and asymptotic work permits discussion of
the stablllty properties of modes with wavenumbers that are small relative to the implied
O(G®) scaling.

1. Introduction

Over the past 50 years there has been interest in the stability properties of Gortler
vortices within boundary-layer flows. Early studies ignored non-parallel effects present
due to boundary-layer growth; the importance of this phenomenon was first explained
by the results of Hall (19824, b, 1983). In that series of papers Hall showed, using both
asymptotic and numerical methods, that for vortices of order-one wavenumber there
is no unique neutral linear stability curve and the stability characteristics of such
wavenumber modes are entirely dependent upon the initial form and location of the
disturbance. However, for small-wavelength vortices a unique neutral curve does exist
and on this curve the vortex wavenumber k is O(Gi) where G is the (large) Gortler
number. For an extensive review of the development of stability theory pertinent to
Gortler vortices the reader is referred to Hall (1990).

The most unstable Gortler mode was obtained by Denier, Hall & Seddougui (1991)
and Timoshin (1990). These authors showed that according to linearized theory the
vortices with largest growth rates have wavenumbers within the O(G?) regime and the
correspondlng amplification rates are then O(G%). The exact stability properties of
O(G¥)-wavenumber vortices are derived by solving a sixth-order ordinary differential
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system and the solution of this system reveals that the unique most unstable mode has
wavenumber k = 0.476G% and growth rate 0. 312Gt

Much of the work to date concerned with the stability of Gortler vortices has
concentrated on two-dimensional boundary-layer flows, but in many practical
situations in which Géortler vortices are known to arise the basic boundary layer is
three-dimensional. For example, in the case of a boundary-layer flow over an obstacle
or the flow over a turbine blade the three-dimensionality of the basic flow is potentially
crucial. In particular, the development of laminar-flow airfoils has given rise to designs
that have two areas of concave curvature on the lower side of the airfoil: in this case
when the wing is swept the boundary-layer flow is fully three-dimensional.

The first attempt to describe the effect of three-dimensionality was given by Hall
(1985) who examined the Gortler mechanism in flow over an infinitely long swept
cylinder. It was shown that it is the relative size of the crossflow and chordwise flow
over the cylinder that is critical in determining the vortex structure. The neutral Gortler
number for the vortices was predicted by a large-wavenumber asymptotic analysis, the
results of which suggested that for O(1) values of the ratio of the crossflow and
chordwise velocity fields the Gértler mechanism is probably unimportant compared
with Tollmien—Schlichting and crossflow-type instabilities. Indeed, there is some
limited experimental evidence that supports this conclusion. Work by Baskaran &
Bradshaw (1988) has shown, at least for turbulent boundary layers, that increasing the
crossflow velocity component tends to destroy the Gértler mechanism.

Bassom & Hall (1991) (hereafter referred to as BH) extended the work of Denier er
al. (1991) to consider the effect of introducing crossflow into the boundary-layer flow.
Like Denier et ai., BH conducted a spatial stability analysis of the vortex modes and
they demonstrated that for O(l)-wavenumber modes at large Gortler numbers the
crossflow first has s1gn1ﬁcant effect on the two-dimensional results once it becomes
O(Re:G?), where Re is the Reynolds number of the flow. As the crossflow increases,
the stationary vortex structure takes on an identity which is essentially that of a
crossflow instability; a mechanism first investigated by Gregory, Stuart & Walker
(1955). BH also obtained a description of the influence of crossflow on the O(G¥)-
wavenumber (viscous) vortices of Denier et al. (1991). It was shown that when the ratio
of crossflow to chordwise flow becomes O(Re 1G¥) the results of Denier et al. need to
be modified: significantly it was demonstrated that the introduction of crossflow into
the problem has a stabilizing effect, at least according to linear stability theory.
Whereas in Denier et al. it was proved that stationary vortices are necessarily unstable
at O(G¥) wavenumbers, this is no longer true once crossflow terms are introduced. In
addition, for certain crossflow values there exist neutrally stable vortex modes whilst
at large enough values of the crossflow no vortex structures induced by centrifugal
effects can exist.

The aim of the present paper is to extend BH by studying the weakly nonlinear
stability characteristics of the O(G¥)-wavenumber modes. Denier & Hall (1993) have
made a numerical study of the fully nonlinear evolution of these high-wavenumber
structures within a two-dimensional boundary layer. They have shown that the
nonlinear equations governing the Gortler vortex over an O(G™) streamwise
lengthscale are fully non-parallel in nature. By implementing the computational
scheme developed by Hall (1988), Denier & Hall illustrated that given a suitable initial
perturbation then eventually the energy of the higher harmonics grows until a
singularity is encountered at some downstream position. It is concluded that it is this
singularity that is ultimately the cause of vortices which are originally close to the wall
moving into the main part of the boundary layer.
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Although extensive calculations will eventually be desirable in order to assess the
fully nonlinear stability properties of Gortler vortices within three-dimensional
boundary layers, here we shall consider a more analytical weakly nonlinear approach.
This case is not without interest for it is likely to be of importance in the stability of
several flows occurring in practice. In Denier et al. (1991) studies were made of the
receptivity of boundary layers to Gortler vortices. Typically, small disturbances in the
boundary layer or small surface imperfections make the flow susceptible to vortices
and since these disturbances or imperfections are usually of small dimension it is the
hlgh-wavenumber vortices that are often excited. This then suggests that modes of
O(G¥) wavenumber (i.e. within the wavenumber regime containing the most unstable
linear mode) will perhaps be favoured in preference to the larger scale O(1)-
wavenumber inviscid modes. We have already mentioned that in the absence of
crossflow all steady Gortler modes of O(G*) wavenumber are unstable but the addition
of a small crossflow stabilizes the situation and, in particular, certain crossflow/
wavenumber combinations lead to linearly neutrally stable modes. In consequence, a
small surface imperfection may well trigger modes which, although linearly unstable,
are only marginally so and then a weakly nonlinear analysis is of relevance in
determining whether these modes grow without bound or whether nonlinear effects
exert a stabilizing influence and lead to finite-amplitude stable states as the vortices
develop downstream.

The remainder of the paper is divided as follows. In the coming section the problem
is formulated and the weakly nomlinear equations are obtained. The numerical
methods implemented to solve these equations are described in §3 and the nonlinear
properties of the modes examined in §4. Section 5 addresses the low-wavenumber limit
of the amplitude equation, and we close with some discussion.

2. Derivation of the weakly nonlinear equations

Our aim is to derive the equations which determine weakly nonlinear high-
wavenumber viscous vortex modes in a slightly three-dimensional boundary layer.
Following Hall (1985) we consider the boundary layer flowing over the cylinder y = 0,
—o00 < x < oo, where the z-axis is a generator of the cylinder, y is the distance
normal to the surface and the x-coordinate measures distance along the curved surface.
Suppose that this surface has variable curvature

(1/b) x(x/1), 2.1a)
where b is a typical radius of curvature of the surface and / is a characteristic

lengthscale in the streamwise direction. The Reynolds number Re, the curvature
parameter & and the Go6rtler number G are defined by

Re=U,l/v, 86=1/b, G =2Rew, Q2.15-d)

where Uj is a typical flow speed in the x-direction and v is the kinematic viscosity of
the fluid. Our interest is in the limit of Re > 1 and § < 1 such that in the limit § -0
G is held fixed at an O(1) value. The basic flow is taken to be of the form

u = Uy(#X,Y),Re (X, Y), ReIA*W(X, Y))(1 + O(Re})), (2.2)

where X = x/l and Y = yRei/l, and the crossflow parameter A* is of order one.
It is convenient to define the scaled spanwise coordinate Z = Retz// and let t be the
temporal variable scaled on //U,. The basic velocity profile is perturbed by

(U, X,Y,Z), ReiV(t,X,Y,Z), ReiW(1, X, Y, Z)), (2.30)
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the pressure field is given by

p=pX)+Re'P(1,X,Y,2Z), (2.3b)
and on substituting (2.3) into the continuity and Navier—Stokes equations we obtain
Ug+ Ve + W, =0, (24a)

U+ Upy+ Uyy— iy V—iaUy —tiy U—8Uy — A*wU, = UUy + VUy + WU, (2.4b)
—~V,+ Vyy+ Vyy—GxitU — Py — i1V, — 0y U—0V, — 0y V—A*W1,
= UVy+VVe+ WV,+GxU?/2, (2.4¢)
— W+ Wyy+ Wy — Py — Wy — A¥W 5, U—TW, — A* Vi, — A*W W,
= UWy+ VW, + WW,, (2.44d)
where terms of relative order Re: have been neglected.

We now follow the scalings first derived by Denier et al. (1991) in which it was shown
that the O(G?)-wavenumber vortices are confined to a layer of thlckness 0(G™)
adjacent to the cylinder. These modes have a spatial growth rate O(G?), and it was
proved in BH that the three-dimensionality of the basw flow is first s1gn1ﬁcant for these

viscous vortices once the scaled crossflow A* is O(G?). Therefore it is convenient to
define the O(1) crossflow parameter A by

A* = GHA. (2.5a)

If the spanwise wavenumber of the fundamental vortex is taken to be a (which, recall,
is O(G®)) then the scaled wavenumber k, is defined according to

a=k,G, (2.5b)
and the disturbance is confined to the region where the coordinate ¥ given by
¥ = k,G'Y, 2.5¢)

is of order one. In BH linearized disturbances were sought proportional to

E, = exp [iko GZ+Gt f * (Bo+G3B,(X) +...)dX—iG* J t (R2,()+ G2, (H+...) dt],
(2.6)

where this definition reflects the fact that the vortex has spanwise wavenumber O(G?)
and the disturbance has an O(G®) growth rate (since it transpires that g, is purely
imaginary). Furthermore, for small Y the basic flow quantities # and w are assumed to
take the forms

= (X)) Y+ [1,(X)/21] Y34 [u,,(X)/31 Y3+..., 2.7a)
= 1y (0) Y+ [gg(X0/21] Y2+ [gy(X0)/31 Yot (2.75)

and 7 = O(Y?). To extend the work of BH to weakly nonlinear modes necessitates
considering expressions of the form

U= GH(Upyy Ey+c.)+h(Upgy E24c.C.+ Upyo) + B (Upgy E;+c.C)+.. ]
+G (U, Ej+c.c)+ (U E24-c.c.4 Upy) + Uy, Ey+cc)+...1, (2.8)

with similar expressions for G3V, GW and G *P (c.c. denotes complex conjugate).
Here all the unknown coefficients Uy,;, U,,,. ... are functions of the scaled coordinate
Yr alone and A is taken to be a parameter, 0 < 4 < 1, such that expansions in 4 are taken
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after expansion in the small parameter G5, Furthermore, the wavenumber £, and
frequency £, need to be expanded in terms of 4 as in the usual Stuart-Watson (1960)
approach and details of this will be given presently.

Derivation of the required evolution equation is a relatively straightforward though
slightly lengthy process. The methodology is similar to that employed by BH and thus
we shall indicate how this is tackled for the leading-order disturbance quantities U,
Vor1» Wy and By ,. Given this information, the ensuing calculations follow almost
identical lines so that only the final results need be stated.

The vortex equations are deduced by substituting (2.5)—(2.8) in (2.4) and comparing
coefficients of like powers of G and 4. The continuity equation (2.44) yields

Bo Upyy +iky Wy =0, (299
B Upsy + By Usyy +iky Wiy, +ko(d V5, /dY) = (2.90)

The streamwise and spanwise momentum equations (2.45, d) then give
By Uoso+iko Woay = —[(Bo /o) +iAptan] ¥, (2.10)

but the constraint that the disturbance be confined to the thin wall layer requires that
Uypso> Wyso Temain bounded as ¢ — oo, which in turn forces the relationship

(Bo p111/ko) +i/i,u21 =0. 2.11q)
This confirms the assertion that g, is purely imaginary and then (2.10) becomes
Bo Usso+1ky Wige = 0. (2.115)
Next-order terms in the streamwise momentum equation lead to the equation
dz iQ, ﬂlﬂu 1’\(/‘11 Paz—Pafhar) o Py,
[E/fi_ 1 +F ¥— W P2 Upy F =0. (2.12)

The second equation for the leading- order vortex components is obtained by
following the scheme outlined in BH. Order-G? terms in the momentum equatlon 240
enable a relation for the leading-order pressure gradient to be derived in the form

df,, [ d? i2, ﬂl .”'11 l/\(;“11 Hag— Mg Har) 2] BuXo¥
d¢ k d¢2 1 +-3 k2 0 ¢ 2kg /1/11 ¢ I/011 k(z) U011’
(2.13)

where here we have denoted by y, the value of the curvature parameter y taken at the
downstream locatron at which the vortex motions are being studied. Addrtlonally,
O(G?) and O(GS) terms in the streamwise momentum equation (2.45) and the spanwise
momentum equation (2.44) respectively show that

d? iQ, ﬂlﬂu'/f 1’\(/‘11,“22_.”/21/1'12) '/f2] Fu Vin Vin
[dt/fz 14+—~ i i 2 iy U= k2 , (2.14a)

& 0Dy Bt 1A gt ) Y Aug Vi |
_1 1/711 11 /422 21 /712 — 21 "111 , -
|:dl/f2 +52 k2 k3 Zkgﬂu I}Vlll kﬁ +k0 P011 (2 14b)
Adding g, multiples of (2.144), ik, multiples of (2.145) and B, multiples of (2.12),
differentiating the resulting equation with respect to ¥ and substituting for d7,,,/dy
according to (2.13) leads to the required second equation relating the leading-order
vortex quantities.

20 FLM 269
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As in BH it is convenient to invoke the scalings

ky = (Xo/‘il)"l'ka b= iX(%)ﬂ%u B Uy = Xo—%/él Usis (2.15a-)
Voix = X%n“%il Vi 0= ‘—X%)/‘%u Q, A=Ay fop— oy /‘12)/‘;1%7(3%7 (2.15a-)

where the notation Uy, Vi, in (2.15¢, d) denotes that we apply this scaling to all the
components of these general types in (2.8). These reductions lead to the equations as
presented in BH for the leading-order vortex terms U, and V,,, viz.

& i gy iy v,
(d_w_l_p_%_k_f)yu_.#:O, (2.164)

9 . .y 2 2
(_“__1_‘_‘3_14”-‘.”-—9-‘5) (1)t Yt Uu =0 @16D)

Notice that the scaling (2.155) ensures that neutrally stable modes correspond to the
case when the scaled parameter 4 is purely real valued.

To complete our derivation of the evolution equation for the weakly nonlinear mode
then, in keeping with the usual approach, we need to perturb the streamwise variation
parameter B and scaled frequency €2 from their neutral values, say 6, and 2,
respectively, by O(4*) quantities. Therefore we write

B=puthh+..., Q=Q+hQ+..., 2.174, b)

where terms of o(h?) need not be specified as they are too small to affect our results.
It is convenient to define the operator L, by

dz iQ,N i, Ny iANy?
LNEd_’sb‘z—NZ_ kz - ﬂka w— k3 (2.18)
and with this definition the leading-order system (2.16) may be written as
dz 2iA v
L,(U,)— ” =0, L (d;ﬁz 1) Va+=—= = |4 +k3U =0, (2.19a, b)
which needs to be solved subject to the conditions
U, Vi dV,/dy—0 as ¢ —>0,c0, (2.19¢)

in order to ensure zero disturbance quantities on the surface ¥ = () and that the vortex
decays as Y- co.

To continue the process of obtalnlng govermng equations for the remaining O(G )
terms within the original expansions (2.8) is merely a matter of repeating the steps
outlined in (2.9)«2.14). The only new feature is that nonlinear terms begin to enter the
analysis, but this causes no formal difficulties. Since this process has been illustrated
above we merely state the solutions at each order of the analysis.

Recalling the scalings (2.15) it is found that the harmonic terms V,, and U, satisfy

V dUy, dVil)
_ (dw V= U gt) (2.204)

d? 4, 4 2 AV, AV, AV, 2
Ly et Yt 5 U = (e G -2 g8 )iV 2200

Ly(Up) -
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subject to the boundary conditions that
Uy, Vooo dV,/dyy—>0 as ¢r—0,00. (2.20¢)

Furthermore, the mean flow correction terms U,, and ¥,, are given by

U = [ (@ ViHec By, K=o, @.21)

where here, and henceforth, an asterisk used on a quantity denotes its complex
conjugate.

In order to derive the evolution equation for the vortex it is necessary to proceed to
O(h®) terms in expansions (2.8). The O(h®) terms of importance are those proportional
to E, and these quantities, Uy, and ¥,,,, or in their scaled forms, U,, and V,,, satisfy

*
L,(U,)~ 31 - (k2 +‘ﬂ¢‘) U+ (dUu Vs +dUzo Vi, + dU,, v

K dyr dyr dlﬁ
¥ dv, [0
dz 2i U, (i@ ify\( &
o (ﬁ*‘%)(d—w“)%
1 dz d*o,
+ﬁ(¢°(d—¢‘2_l) V;l Vil d¢2 U;kl zz_Uzo Uu)
Uy 0y W VLV, 10 EVY | OVy vy 0,
2 qy Wdy dy dy® 2 dy dy? 2 dyt 2 dyd )’
(2.22b)
v « AV
where b, = JV(Vh 3 ; ¥ d;) dy, (2.22¢)
and (2.22a4, b) are subject to the boundary conditions
U,, V. dV,/dyr—-0 as 3 —0,00. (2.224d)

The homogeneous forms of (2.22) are merely (2.19) and so, as is the normal method
within a weakly nonlinear analysis, equations (2.22) only have a suitable solution if a
certain compatibility condition is satisfied. This condition leads to the specification of
the correction terms g and 2 within the streamwise dependence and frequency
expansions detailed by (2.17). To derive the compatibility requirement it is necessary
to first consider the system adjoint to the homogeneous equations (2.19). This adjoint
system consists of the functions F(y) and G(zﬁ) which are the solutions of the coupled
equations

L (F)+ V6= 0, (2.23a)
d'G gy iAgA\d®G  (2ip, 4iry\dG
(i ) (e )w
iy iBa s F_
+( ot + = +1)G—F_O’ (2.23b)

20-2
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with the associated conditions that F; R GanddG /dyr — 0 as ¢ — 0, co. Before proceeding
further we should comment upon our definition of the amplitude of the vortex mode.
Clearly the system (2.19) which determines the functions U,, and V,, is linear and so
we have an arbitrary factor at our disposal. Therefore, for definiteness, we shall call
{dU,,/dy},._, the scaled amplitude 4 of the vortex. Of course there are many other
definitions we could use for this amplitude but this one is as good as any other. To
obtain the equation for the vortex amplitude 4 it is seen (by multiplying (2.22a) by F,
(2.22b) by G, adding and integrating with respect to ) that for a solution of (2.22) to
exist it 1s necessary that ) ;
2, fA+2,04 = — I, A|A]%,

1 o0 " - 2
where z, = %f (F¢U11+G¢r (dd—w— 1) Vu) dy, (2.24q)
0
: =ifw(ﬁU +G(d—2—l)V)dzﬁ (2.24b)
2 — k2 0 11 dlﬁZ 11 > .
and I, = [” Hdy, where
_ ﬁ dU;kl dU20 dUZZ %* U’lkl dV22 dV;kl FUII ¢D
H—z( Vet g et g Vit g 2oy [+
G d® d*e
+']€§(¢0 (-d_l/rz_ 1) Vn_ Vu'(Vzo_ UTI Uzz_ Uzo Ull)

~

G dVy | o Ve dVE A?V, 14V, d°V]

+V

2 dy® o dy®
(2.24¢)

&’V _ Vh d? sz)

The above analysis may be easily generalized so that the vortex evolves on a slow
lengthscale and thence the growth or decay of a near neutral disturbance may be
monitored. Formally, if we consider the neighbourhood of the point X = X, (the point
at which an infinitesimal vortex is neutrally stable) and allow a constant-frequency
disturbance to develop on a lengthscale X where ¥ = G3h2(X — X,) with 2 <€ 1, then
the result of repeating the previous analysis for a disturbance of amplitude A(X)
relative to the scalings implied in (2.8) is the evolution equation

dd _ (—‘Z—Z) QA—(E’E)AMP. (2.25a)
dx Z Z
It is then simple to derive the equation for the vortex amplitude:

d .
a;(lAlz) = ¢, QAP+ c |4l (2.25b)

where ¢, =2Re(—iz,/z,), ¢, =2Re(~—il,/z,). (2.25¢,d)

In order to evaluate the coefficients in (2.25 ) it is necessary to solve the systems (2.19),
(2.20) and (2.23) so that the expressions for z,,z, and I, as defined in (2.24) may be
found.

Finally, it is clear that if (Q,,f,,A) is an eigenset of (2.19) then so is (— ¥, — 7,
—A) for real crossflows A. Evidently, it is possible to restrict our attention to positive
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crossflow parameters without any loss of generality, and this is done for the remainder
of the paper.

3. Numerical methods and preliminary calculations

In the context of their work on the viscous vortices BH were solely concerned with
the numerical solution of the linear system (2.19). Their computations were based on
a technique originally proposed by Malik, Chuang & Hussaini (1982) in which the
differential equations to be solved are reduced to a set of linear algebraic equations
using either a finite difference discretization or a spectral representation and the
eigenvalues found by solving the characteristic determinant of a generalized eigenvalue
problem. The particular method described in Malik et al. uses a fourth-order-accurate
Euler-Maclaurin scheme with nodal points distributed so as to resolve any singular
layers and was implemented in order to examine the temporal and spatial stability of
a three-dimensional compressible boundary-layer flow over a swept wing.

For the present work we attempted to adapt the methods used by BH but eventually
concluded that we needed to use a more efficient algorithm here. The reasons for
reaching this conclusion were twofold: first the form of the code relevant to the
linearized problem (2.19) does not lend itself to easy modification for use in
inhomogeneous problems such as (2.20). Second, and perhaps more importantly, BH
conducted a small number of computations of solutions to (2.19) restricted to the three
scaled frequency choices , = 1,0, — 1. In order to execute the additional calculations
required to compute the amplitude equation coefficients ¢, and ¢, as defined in (2.25)
and to extend the results to a greater frequency range, it was felt that an improved
algorithm was required.

We first outline our computational technique as far as it applies to solving the
homogeneous system (2.19). This system can be characterized by the pair of equations

iy 2 ~ dV " dz i n

37+dvi71:+ﬂvi—y+7‘v V+46,U=0, d—y2+ocu U+B,V=0, (3.lab)

where the coefficients &, 4,, ... etc. are known functions of y. The system comprising

(3.1) with associated boundary conditions typified by (2.19¢) is an eigenvalue problem

and was solved by considering (3.1) with only five of the homogeneous boundary

conditions invoked. In addition, a normalization constraint was imposed so that (3.1)
was solved subject to

U=V=0, dU/dy=1 at y=0, (3.2a)

U=V=dV/dy>0 as y—oo. (3.2b)

Iteration on the eigenvalue ensured that the sixth boundary condition dV/dy =0 at
y = 0 was satisfied. Specifically, in the context of problem (2.19), system (3.1), (3.2) was
solved for complex-valued g, for chosen frequency £, crossflow A and vortex
wavenumber k. [teration on the imaginary part of §, using a Newton iteration to vary
A enabled neutrally stable solutions to be found: cubic splines were used to track along
the neutral curves.

As previously mentioned, a major benefit of the present algorithm over that used by
BH is the much greater speed of calculation and this is due in part to the
implementation of a variable mesh step. The equations (3.1) were discretized using
central differencing on a grid running between y = 0 and y = y*®, where y'* was
chosen sufficiently large so that subsequent results were independent of its value. The
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FiGure 1. The crossflow parameter A needed to ensure the neutral stability of vortices of various
frequencies. 2 = 3.0, 2.0, 1.0, 0, —0.1, —1.5, —2.0.

algorithm permits any grid discretization although for the current problem extensive
testing revealed that it was adequate to limit the form of the grid to four distinct
regions, in each of which the grid spacing was some constant with the closer spacing
towards y = 0 and sparser grid points towards . The choice of grid allowed us to
use roughly one-third of the number of points needed by BH. Space limitations
precludes more than this brief description of the numerical method, although a more
detailed report of this aspect of this work may be obtained upon application to either
author.

As a check on the method described above it was decided to repeat some of the linear
calculations of BH to ensure consistency. Although BH did conduct a few
computations relevant to non-neutral infinitesimal modes it should be remembered
that our current concern is ultimately with describing the weakly nonlinear modes
outlined in §2: disturbances which by definition are ‘close’ to the linear neutral
stability curve. Therefore effort was concentrated on the neutral modes of BH. For
frequencies Q,e(—2,3) figure 1 shows the crossflow parameter A and figure 2 the
parameter B, as functions of the scaled vortex wavenumber k.

Certain trends surmized by BH on the basis of their numerical work restricted to
three values of £, are confirmed by our more extensive results. In particular it is seen
that neutral modes appear to be possible over wide ranges of the wavenumber, and that
for large k the crossflow needed to produce neutral modes is quite small (and is ~k™2
by the results of BH). Moreover, Denier et al. illustrated that for 2 = A = 0 all modes
within the O(G?)-wavenumber regime are unstable; consequently crossflow is seen to
have a stabilizing effect. A striking difference also occurs depending upon the sign of
the scaled frequency Q. For £, > 0 the neutral modes persist over the complete range
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FIGURE 2. The streamwise variation parameter §, of neutrally stable vortices of various
frequencies. 2, = 3.0, 2.0, 1.0, 0, —1.0, —1.5, —2.0.

of k, and as k — 0 the crossflow A required in order to preserve neutral modes tends to
an O(1) value. However, for 2, <0 BH and Bassom (1992) could not find such
disturbances for all wavenumbers k and the neutral modes apparently disappeared for
k < k., where k, is some critical k. Figure 1 demonstrates that &k, increases as €,
becomes more negative.

For small wavenumbers k, figure 2 illustrates that the behaviour of the streamwise
variation parameter S, is also critically dependent upon ,. For , > 0, as k—0 then
f.—0 smoothly (and is proportional to k¥ by the results of BH). A contrasting
situation occurs for £, < 0 for now both A and £, develop erratic behaviour as &
decreases; behaviour which was also found in BH.

3.1. The weakly nonlinear calculations

Given the outline of the numerical method above, the implementation of the routines
required to evaluate the amplitude equation coefficients ¢, and ¢, was straightforward.
Once the homogeneous equations (2.19) were solved for the streamwise variation
parameter B, and scaled crossflow A in terms of the given frequency £, and
wavenumber k and the respective eigenfunctions U,, and ¥}, deduced, it was a simple
matter to evaluate the mean flow quantities U,, and @, defined in (2.21) and (2.22¢).
Next the solution of the inhomogeneous system (2.20) was required in order to
determine the second-harmonic terms U,, and V,,. (The solution method for
inhomogeneous problems had to be adapted from that used for homogeneous ones and
details of the necessary modifications can be obtained from the authors.) After solving
for the adjoint functions F(y) and G(y) as given by (2.23) the integrals z, and z, as
defined in (2.24) were evaluated using Simpson’s rule and the amplitude equation
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FIiGURE 3(a—d). For caption see facing page.

coefficients ¢,, ¢, thence deduced. The usual checks were made to ensure the accuracy
of the numerical solutions of the systems (2.19), (2.20) and (2.23).

4. Remarks on the weakly nonlinear properties of the vortex modes

Implementation of the numerical procedures described in §3 led to the determination
of the coefficients ¢, and ¢, appearing in the amplitude equation (2.255). This equation
demonstrates that the weak nonlinearity of the problem allows the existence of a
threshold equilibrium amplitude 4, given by

|42 = —¢,Q/c,, 4.1)

with & > 0 or Q < 0 as appropriate in order to ensure that the right-hand side of (4.1)
is positive. Calculations were conducted for a variety of scaled frequencies 2, taking
values between —2 and 3 and the results are summarized in figures 3-5. Figure 3
illustrates the dependence of the coefficient of the linear term in (2.255) (i.e. ¢,) upon
. and the vortex wavenumber k. It is observed that ¢, > 0 across the whole range of
wavenumber space, which indicates that accordmg to linear theory a mode of
frequency 2, + h*Q is unstable for 2 > 0 whereas it is stable for £ < 0. This is to be
expected as from figure 1 it may be deduced that for a fixed crossflow then as the
frequency of the mode increases so it loses stability.
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FIGURE 3. The coefficient ¢, of amplitude equation (2.255) as a function of the vortex
wavenumber k for (@) 2, = 3.0, (b) 2.0, (¢) 1.0, (d) 0, (¢) —1.0, () —1.5 and (g) —2.0.

We turn now to interpret the findings summarized in figure 4 which illustrates the
dependence of coefficient c, on k. This coefficient is of greater importance than ¢, for
the sign of ¢, reveals the nature of the equilibrium amplitude A, as defined in (4.1). For
all 2, it is seen that ¢, < 0 and consequently the weak nonlinearity of the flow leads
to a stabilization of the vortices. In this case vortices with initial amplitude less than
A, grow to A, whereas those with initial size greater than A, tend to diminish.
However, it must be recalled that if the scaled amplitude 4 becomes too large the
fundamental assumptions underlying weakly nonlinear theory are invalidated and a
fully nonlinear account of the vortex structure is required.

Equation (4.1) trivially yields information concerning the equilibrium amplitude 4,
which is shown in figure 5 for the various values of Q. Of course many features of this
amplitude follow directly from the information portrayed in figures 3 and 4 and so
require little additional comment. We mention first that for all the cases considered
¢, < 0 so that modes with perturbed frequency Q> 0 would be expected to evolve
to these equilibrium amplitudes whereas those with £ < 0 would decay to zero. As
k—o0,|4,]—0 and as k decreases |4, rises and reaches a maximum value and this
maximum decreases with incresing |2, |. The form of figure 5(a—c) suggests that for
vortlces of scaled frequency 2, > 0 those modes with low wavenumbers relative to the
O(G*) implied scaling would be more readily observed than those of greater
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wavenumber. It should also be noted that as k£ — 0 the calculations became increasingly
sensitive to the grid spacing used and the slight wobbles in the curves as k0 are a
direct consequence of this. In particular, the results for & less than about 0.1 are to be
treated as being preliminary in nature. For ©, negative a number of the trends just
described continue to persist. In particular, as £, moves through increasingly more
negative values |4, decreases although its maximum value for any fixed frequency
occurs at increasing values of k.

To conclude this description of the weakly nonlinear calculations it is worthwhile to
briefly recall the more salient results. Importantly, whereas BH showed that the effect
of crossflow is to stabilize the O(G?)-wavenumber modes according to a linearized
theory, the above work has demonstrated that crossflow also stabilizes the modes on
a weakly nonlinear basis. The corresponding equilibrium amplitudes calculated over a
range of frequencies and wavenumbers reveals that the largest amplitudes are
associated with near-stationary vortices and it can be tentatively proposed that these
modes are the most likely candidates for practical observation. The analysis originally
put forward by BH for small-wavenumber linearized vortices at scaled frequencies
Q. > 0 may be adapted to allow discussion of these modes using a weakly nonlinear
approach and this is considered now.
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5. The low-wavenumber (k < 1) limit for 2, > 0

The calculations presented in BH showed that when 2, > 0,k < 1 the eigenfunctions
U,, and V}; of system (2.19) are concentrated in a thin region near ¥ = 0. They
demonstrated that these functions assume a multi-zoned structure form and that the
crossflow A and streamwise variation parameter g, required for neutral modes are
given by

A=A+ A k4., Bo= Pooki+ B kit .., (5.1)

where all the constants are real valued. The asymptotic structure for the solution is
summarized in figure 6 where it is shown that the configuration divides into a main
zone, 11, of thickness O(k¥) which contains a thin region I of depth O(k?), supplemented
by a viscous wall layer ITI of thickness O(k), and a far-field zone, IV. It is to be recalled
that the normalization chosen for all the numerical work in this paper is that U;, = 1
at ¢ = 0. Guided by this requirement it is easy to adopt the workings of BH to show
that the most important contributions to the integrals defined in (2.24) occur within the
zone I wherein it is convenient to write

¥ = Ky, + ki(const + ). (5.20)

Here , ~ 1.47¢% and the constant has a value which is of no importance for the
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current workings. Furthermore, in zone I the solutions U,, and ¥}, develop according
to

1A AR 1A 2
Un= k_]Uu(’;[’)"' e M= KV, +..., (5.20)
where these functions satisfy
M1(011) = I}n’ M1(MO{I}11})+2M0 A11 = —5[’0 11 (5.2¢,d)

and where we have made the definition M N(@) 0" — 1N(.Q+A 1,02) ©, in which the
prime denotes differentiation with respect to ;[r In (5.2¢, d) Q2 is some constant and the
solutions U,, and V,, are subject to the conditions
Vu - C/’ﬁa Uu ~1C/ (A, ’/’3) as I!ﬁ — . (5.2¢)
The parameter C is chosen so that U;, = 1 at ¥ = 0 and elementary matching between
the solutions valid in each of the regions sketched in figure 6 leads to
C~ —0.21i€k. (5.3)

The elgenproblem (5.2) was first solved by Hall (1985) who showed that i, /1‘” r4.71,
.Q/\ —2.89 (this latter value was mlsquoted in BH) which in turn gives A, ~ 0.460i.

Followmg this work taken from BH it is straightforward to deduce the forms of the
remaining functions within the thin zone I. The adjoint functions are

F=Ep)+..., G=kC)+...,
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M) +,G =0, M(M(G)—4iA,(dG/dy)) = F.

subject to the conditions that Foc zﬁ‘ and G oC v,&‘s as |v,&| — 00, Furthermore, U,, =

where (5.4a, b)

kU +..., Vg = kiV,,+..., where U22 and V,, are odd-valued functions satisfying
2(U22) Var = U;l I711 (7 VI (559
M (Mo(Vy0)) + 81, Vo 4975 Uy = 207, V1 =275, V1), (5.56)

subject to the constraints that U,, = 0(7,2’7) and V,, = 0(1,&“5) as |zﬁl—> oo. Finally,

within zone I the functions U,, and &, are

1.4 2 1A A
Uy = kiU, () +..., Dy=kD(Y)+...,

R A P R LA | % AP 1
where U20=J Un ViH+ ULV dy, (po=“Jv (Vu‘a";l_l—V* d";l)d’ﬁ (5.6)

Formally, it is possible to use the expansions given above to deduce the forms of
the various flow quantities in each of the remaining regions II-IV. However, tedious
but straightforward manipulations verify that the dominant contributions to the
expressions (2.24a-c) arise from within zone I.
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FIGURE 6. Schematic diagram of the asymptotic structure of the solution of homogeneous system
(2.19) for the case of small vortex wavenumber k < 1. The solution configuration divides into four
distinct zones: Zone 1 is a thin region of depth O(kl) ata distance ~ 1.4762% ki from the wall. This zone
is embedded within I1, a region of thickness 0(k=') The structure has an addmonal viscous layer at
the wall, zone III, which enables the boundary conditions there to be met. Finally, a region IV of
depth O(1) facilitates the exponential decay of the disturbance solutions far from the wall.

The systems (5.2), (5.4) and (5.5) were solved using adaptations of our general
technique and the amplitude equation coefficients were found to take the forms

€, 0223k +..., ¢, x—TR8P+ .., (5.7a, b)

as k—0. These asymptotic predictions provided reasonable agreement with the
numerical results discussed in the preceding section. Results (5.7) then imply that the
equilibrium amplitude ;

|4,] ~ 0.2Q 3k 562,
which again suggests that it is the low-wavenumber and relatively low-frequency
modes that have the greatest equilibrium amplitudes. However there is evidence from
figure 5(a—c) that as k decreases, the accuracy of our computational work deteriorates.
One difficulty with the prediction of 4, as k— 0 is provided by the extreme smallness
of the coefficient c, (see (5.7b)). Clearly, tiny inaccuracies in the evaluation of c, can
have drastic consequences for the resulting value of |4,]. As k—0 it has been
demonstrated that the entire solution structure becomes compressed against the wall
and then the numerical resolution of the distinct zones sketched in figure 6 is rendered
increasingly difficult. As mentioned previously, we estimate that for wavenumbers k
less than about 0.1 our solutions can only be regarded as tentative at best.
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The scalings described above fail as £, 0 for in this limit the thin layer I moves
towards the wall and BH demonstrated that when Q= 0(k7) this layer merges with
the viscous wall layer III. Within the wall layer the governing equations now take the
forms

(d—z—l.Q—lﬂg—l/\§2>U v, (d—z—-lQ—lﬂg—l/\gz) &7 =—£U, (58a,b)
dE & dZ T R
where the tilde denotes quantities scaled on suitable powers of k (fuller details are given
in BH and Bassom 1992). In particular, Q, = = k'@ and these wall- -layer equations need
to be solved subject to the conditions

U, V anddV/df>0 at £=0 andas £->oo. (5.8¢)

Bassom (1992) used the numerical code of Malik et al. (1982) to solve (5.8) for a
selection of values of €. As & — oo he showed how these low- frequency modes match
with those for which 2, = O(1) but he could only manage to obtain solutions of (5.8)
for  greater than Q ~ —3.3. The work of Bassom (1992) was prompted in part by the
finding of BH concerning the low-wavenumber structure outlined by (5.2) above. The
asymptotic regions found by BH are only valid for positive values of Q, and that paper
made tentative suggestions concerning possible configurations when Q, < 0. In
particular, a critical-layer-type problem was proposed but no attempt was made to
solve this. Subsequent calculations failed to find a solution and Bassom (1992) hoped
to connect the £, >0 and £, <0 cases by investigating the intermediate problem
where 2, = ki by examining the numerical solutions of (5.8) as O > — o0. However,
the ex1stence of the cutoff frequency Q below which numerical solutions were
unattainable thwarted this aim.

The system (5.8) was re-solved using the method developed in the current work. As
in Bassom (1992), difficulties were encountered as Q was approached. Closer studies
of this phenomenon revealed that as o ».Q the elgensolutlon migrates from the wall
£ =0 and thus becomes almost completely independent of the boundary conditions
imposed at the wall. Therefore the solution becomes insensitive to the values of the
eigenparameters and numerical convergence is impossible to obtain. This type of
behaviour typically occurs whenever a ‘null space’ of the system is approached and
indicates that the elimination techniques employed to solve the discretized equations
need to be replaced by a scheme which directly inverts the entire discretized set (such
schemes are termed ‘global methods”). This is computationally extremely expensive
but it does lead to a determination of a spectrum of eigenvalues of the problem.

This difficulty, which arises when a null space of a problem is encountered, also
provides the explanation for some of the other deficiencies in our numerical work to
date. In figures 1 and 2 where neutral curves were presented it is noted that as
becomes progressively more negative the wavenumber range over which results were
obtained diminishes. Investigations have shown that this is again due to approaching
a null space of the appropriate system (2.19). BH also made some remarks concerning
the properties of high-wavenumber modes. They formulated an eigenproblem
appropriate to these vortices but did not solve this. It was noted that their calculations
of solutions of the homogeneous system (2.19) failed for values of k larger than about
1.4 and our further researches have confirmed that the reason for this failure is that
the null space of system (2.19) is approached at about this value of k.

In order to develop our findings of this paper further work is needed to investigate
the global numerical methods. Preliminary runs with a small number of grid points
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have been conducted for the eigenproblem (5.2) and for the small-frequency problem
(5.8). Results for this latter problem have revealed the existence of solutions for Q less
than the cutoff value .. This indeed suggests that the previous problems for a< Q
are entirely numencally based and have no physical significance. As yet there are too
few results from the computationally intensive global method to justify a fuller
discussion here. However, it is probable that developments with these ideas will lead
to an improved explanation of the large-wavenumber and the small-k, 2, < 0 limits.

6. Discussion

The main conclusion of our work has been that over all the wavenumbers and
frequencies investigated the influence of weak nonlinearity is stabilizing and the
consequent supercritical equilibrium amplitudes have been evaluated. These amplitudes
tend to be largest for vortices of small wavenumber and frequency relative to the initial
scalings and suggest that it is these modes that would appear to be the most likely to
be observed in practice. A limited asymptotic study has been accomplished which
yields indications of the solution characteristics for small £ and positive scaled
frequencies Q,. However, the corresponding work for negative 2, and that relevant to
large wavenumbers k was not completed owing to difficulties in encountering null
spaces of the governing differential systems. As reported in the previous section,
preliminary work has begun using more appropriate numerical methods in order to
circumvent these problems. We feel that these calculations are important for the
following reason. The work described by BH and that here has conclusively
demonstrated that both the linear and weakly nonlinear properties of these viscous
vortices are critically dependent upon the sign of the scaled frequency and crossflow A.
For any particular boundary layer either case may be the more relevant (depending
upon the signs of the scaling quantities within (2.15)) and so it is desirable that both
eventualities are analysed properly. Whereas the solution properties are now
reasonably well understood for £, > 0 this understanding is clearly deficient for @, < 0
and work on this latter case is contlnulng

One advantage of concentrating on the O(G?)-wavenumber modes, apart from the
fact that these are the most unstable linear vortices for a two-dimensional boundary
layer, is that the structure of the disturbance permits all the basic flow quantities that
are functions of the particular boundary layer to be scaled out of the problem leaving
a system of equations which is valid for a wide variety of three-dimensional flows.
Consequently the scalings (2.15) would need to be reversed in order to assess the
implications of our findings for any specified flow.

We emphasize that the validity of the study here is restricted to the wavenumber
regime k = O(G%). As the scaled wavenumber k, defined by (2.54) tends to zero the
vortices become inviscid in character and the Stuart-Watson approach becomes
invalidated. The theory is then replaced by a revised structure which is, to the best of
our knowledge, as yet unknown. For k> 00 a match is obtained with the work of Hall
(1985). This paper showed, using linear theory, that neutral Gortler vortices were
possible at crossflows smaller than those encountered in this paper. Such vortices are
likely to be governed by an adaptation of the ‘mean-field’ theory valid in the vicinity
of the right-hand branch of the usual neutral curve appropriate to vortices in a two-
dimensional boundary layer. We have not attempted to obtain the match between our
weakly nonlinear account and this mean-field adaptation as such a structure would
come into play at crossflow values smaller than those considered here, at which stage
all the O(G*)-wavenumber modes would still be linearly unstable.
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A question that merits attention is that pertaining to the nature of the fully nonlinear
properties of viscous vortices in three-dimensional boundary layers. The investigation
of Denier & Hall (1993) described in the introduction has concentrated upon the two-
dimensional version of this problem and showed that in general the vortex suffers a
finite-distance algebraic breakdown as it develops downstream. Denier & Hall were
unable to conduct a weakly nonlinear analysis of the type discussed here for in the two-
dimensional boundary layer there are no neutral modes of wavenumber O(G%). The
results of BH and the extensions presented in the current work show that the effect of
three-dimensionality is to stabilize the vortex mode. Therefore the three-dimensional
version of Denier & Hall (1993) would be most valuable in deciding whether fully
nonlinear or crossflow effects are the more important. The former induces a
catastrophic breakdown in the flow whereas the latter effect is stabilizing and so it can
be anticipated that there may well be a delicate balance between the two.

BH investigated the linear stability properties of both O(1)-wavenumber inviscid
modes and the O(G*)-wavenumber vortices considered in this paper. They attempted
to resolve the question as to which mode is the more likely candidate for practical
observation. By carrying out a linearized receptivity calculation of the type given in
Denier e al. (1991) relevant to Gértler vortices in two-dimensional boundary layers,
BH were able to show that wall roughness is a more efficient stimulator of the viscous
modes than the inviscid ones and thus the viscous modes might be the easier to generate
experimentally. However, they also pointed out that as the crossflow increases, the
growth rates of the inviscid modes increase to become larger than the viscous rates.
Thus beyond a certain crossflow size the observed instability may well be of Rayleigh-
type character.

In many practical situations where Gortler vortices are thought to be a likely cause
for transition the basic state is three-dimensional. Our work has demonstrated that a
crossflow of small size O(Re*G?) is suffucient to stabilize vortex modes according to
a weakly nonlinear basis, but the results of Denier & Hall (1993) indicate that full
nonlinearity of the disturbance may well lead to rapid breakdown. The relative
importance of these crossflow and nonlinear mechanisms is a matter of some interest,
which can only be resolved by extending our findings to the fully nonlinear regime. This
problem should obviously be a topic of careful theoretical and practical investigations
of the Gortler mechanism in three-dimensional boundary layers.
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